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Abstract: The cylinder diagrams that determine the static interactions between pairs 
of Dp-branes in the type IIB plane wave background are evaluated. The resulting ex- 
pressions are elegant generalizations of the flat-space formulae that depend on the value 
of the Ramond-Ramond flux of the background in a non-trivial manner. The closed- 
string and open-string descriptions consistently transform into each other under a mod- 
ular transformation only when each of the interacting D-branes separately preserves half 
the supersymmetries. These results are derived for configurations of euclidean signature 
D(p + l)-instantons but also generalize to lorentzian signature Dp-branes. 
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1. Introduction 

Type IIB superstring theory in a plane-wave (or pp-wave) background can be formulated 
as a free two-dimensional field theory, at least in the light-cone gauge, which makes this 
an interesting model for testing general string theory ideas. This background, which has a 
non-zero flux of the Ramond-Ramond (RR) five-form field strength preserves the maximal 
number of 32 supersymmetries, which is the same amount of supersymmetry as in the 
flat background as well as in AdS$ x 5 5 . Indeed, the plane- wave background can be 
obtained as a Penrose limit of AdS§ x S 5 [Q| and it has been shown that the AdS/CFT 
correspondence has a corresponding limit In particular, the excited string states have 
been shown to correspond to a class of gauge invariant operators in the large N limit of 
J\f = 4 supersymmetric SU(N) Yang-Mills theory. Such a correspondence is very difficult 
to demonstrate in the original AdS$ x S 5 background since the string theory has not, so far, 
proved tractable in that case. The bosonic isometry group of the plane-wave background 
has 30 generators - the same number as for AdS§ x S 5 . Although the metric has an 50(8) 
isometry group this is broken to S'0(4) x SO (4) by virtue of the background -F5 flux, which 
distinguishes the directions x with I = 1,2,3,4 from the directions with 7 = 5,6, 7, 8. In 
this notation the light-cone directions are = (x 9 ± x°)/\/2, where x° is time-like. 
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Although the spectrum of states is easy to determine in the light-cone gauge || Hj, 
this parameterisation has some awkward features. In particular, in this background the 
light-cone gauge world-sheet theory is not conformally invariant since the world-sheet fields 
are massive 1 . As a result various quantities, notably the string interactions, are difficult to 
evaluate in the pp-w&ve background. 

Even though the interactions between string states are difficult to determine, it is 
relatively straightforward to determine the static interactions between pairs of D-branes 
in the type IIB plane-wave background. This is the subject of this paper. It has been 
shown that the only supersymmetric Dp-branes are those with p = 3, 5 and 7 oriented in a 
particular manner with respect to the eight directions transverse to the light-cone directions 
Q. As in the flat space case, it is also possible to consider D(p + l)-instantons where the 
light-cone directions are transverse to the euclidean (p + l)-dimensional world- volume (7j. 
In that case the supersymmetric values of p are p = 1, p = 3 and p = 5 H, again with 
appropriate orientations with respect to the transverse coordinates 2 . As will be explained 
later, these D-branes are generally not flat in this parameterisation. The parameterisation 
in which D-branes are flat is one in which the transverse components of the metric are not 
constant in the light-cone time coordinate. It is therefore inappropriate for a hamiltonian 
analysis. 

In this paper we will consider the cylindrical world-sheet diagrams that describe the 
exchange of closed strings, paralleling the discussion of the interaction energy between D- 
branes in flat space. We will see that the requirement that the expression for the cylinder 
diagram has a consistent interpretation in terms of a loop of open string restricts the 
spectrum of Dp-branes and D(p + l)-instantons to those that have been shown to be 
supersymmetric. The expressions for the cylinder interactions are elegant generalisations 
of the flat-space expressions, which depend explicitly on the background Ramond-Ramond 
flux. They transform covariantly under the particular modular transformation that relates 
the closed-string and open-string channels, i.e. the S transformation that interchanges the 
world-sheet space and time coordinates. 

The paper is organised as follows. In the following subsection we review briefly the 
type IIB light-cone gauge pp wave background and fix our notation. The boundary states for 
the D(p+l)-instantons are defined in section 2. In section 3 we analyse the static interaction 
between two such D-branes which is determined, in leading perturbative approximation, 
by a cylinder world-sheet diagram. In the case of the flat-space theory, which is reviewed 
in section 3.1, this interaction is given by a ratio of powers of certain standard functions, 
fi {i = 1,2,3,4). These functions transform in a particular manner under the S modular 
transformation so that the cylindrical world-sheet can be described either in terms of the 
exchange of a closed string between the D-branes or as a vacuum loop of open string with 
end-points on the two D-branes. In section 3.2 we will describe generalisations of fi to 
the interaction between a pair of T)(p + l)-instantons in the pp-wave background. These 
generalized functions, /i 3 depend on the value of the five-form field strength, [i. We also 

X A covariant version of this string theory has been recently proposed in JE|. 

2 For convenience we shall generically refer to either of these classes of objects as 'D-branes' in this paper. 
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comment on the physical interpretation of these diagrams in section 3.4. Section 4 deals 
with the description of Dp-branes with lorentzian signature world-volumes and section 5 
contains some conclusions. In appendix A the 5 transformation of the £ functions are 
derived, while appendix B contains some technical details of the cylinder calculation. 

1.1 Notation and review 

The pp-w&ve background is a ten-dimensional space-time with metric, 

ds 2 = 2dx + dx~ — /i 2 x 1 x 1 dx + dx + + dx 1 dx 1 , (14) 
where ar^ = (x 9 ± x°)/\/2 and / = 1, . . . , 8. The five- form R® R field strength is given by 

-F+1234 = -F+5678 = 2 [I , (1.2) 

where /i is a constant. This background possesses a thirty-dimensional isometry group that 
contains SO (4) x 50(4), together with ten translations and the eight boosts generated by 
J +I . The supersymmetries extend this to a supergroup. 

In light-cone gauge string theory the time-like parameter of the world-sheet is defined 
by the choice of parameterisation, 

x + = 2ira'p + T, (1.3) 

where the constant p + is the + component of the momentum density. This commutes with 
all the other isometries, in contrast to the flat case where there is an isometry generated 
by J~ I which does not commute with p + . 

In the following we shall follow many of the conventions of ||, |8] (although we shall 
use 50(8) notation and choose a' = 1). The light-cone lagrangian in the plane-wave 
background describes eight massive free scalar and eight massive free fermion fields, 

C = (d+x^.x 1 - m 2 (x 1 ) 2 ) + ( S a d + S a + 5 a a_5 a - 2m S a U ab S b ) , (1.4) 
47T 2tt \ J 

where S a and S a are 50(8) spinors of the same chirality and II = 7 X 7 2 7 3 7 4 . The mass 
parameter m is defined by m = 2-Kp + fi. The 8x8 matrices, 7^ and 7^, are the off-diagonal 
blocks of the 16 x 16 SO (8) 7-matrices and couple 50(8) spinors of opposite chirality. The 
presence of II in the fermionic sector of the lagrangian breaks the symmetry from 50(8) 



to 50 (4) x 50(4). As noted earlier, the mass terms in the action (1.4) are not conformally 
invariant. 

The modes of the transverse bosonic coordinates, x , of a string in type IIB pp-wave 
light-cone gauge string theory Q are a£ and a T k , where / is a vector index of 50(8), and 
k € 2 with k 7^ 0. These modes satisfy the commutation relations 

[a{,af]=oj k d IJ S k ^i, [a{,af] = 0, [a{, af ] = u k 5 IJ 5 k , (1.5) 

where 



sign(fc) \A 2 + m 2 |Jfe|>0. (1.6) 
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In addition there are the bosonic zero modes that describe the centre of mass position Xq 
and some generalised momentum Pq with 

\pi,x J ] = -iS IJ . (1.7) 

It is convenient to introduce the creation and annihilation operators 



o = -/i=(Pb + imx o) , a o = -7=(Po - imx o) > (1-8) 
\/2m \/2m 

in terms of which ( |1.7| ) is then simply 

[«o,«o]=-5 /J - (1-9) 

As explained in Pq does not simply correspond to the usual momentum along the 
x 1 direction, but rather is a linear combination (with coefficients depending on /i) of the 
momentum components p 1 and p + . More explicitly, there are eight isometries associated 
with the generators 

P 1 = [ do-(cos(^x + )P / + 2vrp + /isin( / ux + )x / ) =p T , (1.10) 
Jo 

where V 1 = x ~ 8/Sx 1 and p + ~ 5/5x~ . We see from this expression that the isometries 
associated with P 1 combine displacements in the x directions with displacements in the 
x~ direction. 

The fermionic modes S% and S%, where a is a spinor index of SO(8), and k 6 Z, 
satisfy the anti-commutation relations 

Sf} = , W 5f} = , {S a k , §!} = 5 a %^ . (1.11) 

It is convenient to introduce the zero-mode combinations, 

e a = ±={s a Q + i~s%) , 9 a = ±={s a Q - l ss) , (i.i2) 



and further 



fl = i(i + ii)0o, ^ = i(i + n)0 o , 

0L = i(i-n)e o , e L = l -{i-n%- (i.i3) 



The light-cone hamiltonian for the string in the plane-wave background is given by 

oo 

2p+H = m (a* a 1 , + i 5 a U ab S b + 4) + £ [a£ fc o£ + S^a£ + Wfc (> fe S£ + 5« fc< §; 

fc=l 
00 

m (a£ a 7 + 9 a L 6 a L + ^ 0£) + £ [a 7 _ fc a£ + d 7 _ fc d£ + Wfc (fi^Sg + S^ fc a 

fc=l 



(1.14) 
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In the case m = this reduces to the usual light-cone gauge hamiltonian in a flat back- 
ground H . The normal ordering has been chosen in ( 1.14| ) with the understanding that 



and 9 R are creation operators while 9 L and 9 R are annihilation operators. 

As is familiar from flat space, the space of states is described by a tensor product of 
the space generated by the bosonic modes and that generated by the fermionic modes. The 
ground state of the bosonic space, |0)b, is annihilated by the modes as well as a\ and d£ 
with k > and is non-degenerate since each of the 'zero modes' raises the energy by m. 
Likewise, the non-degenerate ground state in the space spanned by the fermionic operators, 
1 0) y , is the state annihilated by 0£ and 9 R , while the creation operators 9 a L and 9 R raise the 
energy by m. When p + ^ the total space (the tensor product of the bosonic and fermionic 
spaces) contains a single unpaired bosonic ground state of zero mass, while all excited 
states come in degenerate boson-fermion pairs. This is in accord with the expectations 
based on supersymmetry. Recall that in the light-cone gauge the thirty-two components 
of the supersymmetries decompose into 'dynamical' and 'kinematical' components. The 
'dynamical' supercharges, Q a and Q a (a = 1, . . . , 8), commute with H. These charges are 
therefore associated with sixteen x + -independent components of a Killing spinor which 
can be identified with the 7+7_e projection of the 32-component Killing spinor in equation 
(6.26) of (n|. The 'kinematical' supercharges, Q a and Q a (a = 1, . . . ,8), do not commute 
with H. They are associated with the components 7_7 + e in | |10| |, which are functions of 
x + . It follows from the anti-commutation relation {Q a ,Q b } ~ 25 ab H + O(fi) that the 
massive states (H > 0) consist of pairs of fermions and bosons related by the dynamical 
supersymmetries while the massless state with H = is unpaired (the term of order /i is 
proportional to the angular momentum generators Jjj and does not affect the argument). 
When p + = the mass parameter vanishes (m = 0) and the massless spectrum degenerates 
to the supersymmetric spectrum of the flat-space theory which has eight massless fermions 
and eight massless bosons. 

2. Boundary states 

To begin with we will pursue the boundary state description of D-branes in terms of a 
light-cone gauge defined with respect to a time-like direction that is transverse to the 
(p + l)-dimensional world-volume of a D(p + l)-instanton. We are therefore assuming that 
the light-cone directions, x + = (x 9 + x°)/y/2 and x~ = (x 9 — x°)/y/2 are transverse to the 



brane. This parameterisation was used in the context of the bosonic D-instanton in [11] 



and the type IIB D-instanton in [12] and was generalized to type II D(p + l)-instantons 
in flat space-time in Q . It provides a particularly efficient and manifestly supersymmetric 
way of calculating the closed string propagating in the cylinder diagram that describes 
the interactions between D-branes. In this description there are at most eight Neumann 
directions, so it is not possible to describe the D8-brane (of the type II A theory) or the 
D9-brane (of the type IIB theory) in this light-cone formalism. The boundary states of 
D(p + l)-instantons in the IIB plane-wave background considered in j8), \\D(p+l),p + )), are 
closed-string states that satisfy appropriate 'gluing conditions' for a world-volume located 
at x + = 0, with momentum p + (which is the Fourier conjugate of the transverse coordinate 
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x~) and with transverse position x = (where x indicates the (7—p) components of x 1 that 
satisfy Dirichlet conditions). The latter condition is required by the consistency conditions 
reviewed below. 

The gluing conditions in the bosonic sector are taken to have the form 

(a&-Mijat k ) \\D(p + l),p + )) = feeZ, 
(ai-M Ija £)\\D{p + l),p + )) = 0, (2.1) 

where Mjj is an SO(8)-matrix. These conditions are a simple generalization of the con- 
ditions that apply in the flat case. We shall restrict our attention to the case when Mjj 
is a diagonal matrix with ±1 on the diagonal, Mu = ejbij. The directions with ej = +1 
satisfy a Dirichlet boundary condition with x = 0, while those with e = —1 obey the 
Neumann-like boundary condition p$ = 0. By the construction of the light-cone gauge, x + 
satisfies a Dirichlet boundary condition. The boundary condition for x~ is determined by 
the Virasoro constraints 

■/ /I 

xx 

X ~ ~2irp+ 

_ x^x 1 + x' 1 x' 1 — m 2 x I x I 
X = 4^ ' (2 ' 2) 

where the contributions from the fermions have been ignored, and the dot denotes the 
derivative with respect to r, while the prime denotes the derivative with respect to the 
world-sheet spatial coordinate a. If x 1 satisfies a Dirichlet boundary condition (at r = 
ro), then x' 1 = at r = to, but if x 1 satisfies p^ = 0, then it follows from ( |1.10|) that 
x 1 = — mtan(/is + )x^ at r = ro. Thus, it follows from ( |2.2| ) that x~ satisfies a generalized 
Dirichlet condition that relates it to x , 



/- 

x 



x /7 x 7 /utan(/ix + ) , (2-3) 

leAf 



where the sum is over all 'Neumann' directions, i.e. the world- volume values of / which 
have Pq = 0. In light-cone gauge x + is independent of a, and Q2.3| ) can be integrated to 
give 

x~ = ^2 -x 1 x 1 [itan(fix + ) + c(r) , (2-4) 

at t = To. The function c(r) can be determined by considering the r derivative of this 
equation and comparing it with the second equation of ( |2.2j ), using the boundary condition 
on x 1 , which gives 



c(r)L_^. = — ; r x' 1 x' 1 



(2.5) 



For this to be consistent it is obviously important that the right-hand side is independent 
of a, so that it must be true that 



E 



x x 



= 0. (2.6) 

T=TQ 
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This follows upon using the equation of motion, 

x" 1 = x I + m 2 x I (2.7) 

and the boundary condition x 1 = —mtaxi(p,x + )x . 

It follows from ( |2.4| ) that x~ is a quadratic function of x 1 at the boundary r = tq. 
The relevant D-branes are therefore not flat in this coordinate frame, since the position 
of the D-brane in the x~ direction varies with the position on the world-volume of the 
brane (that is described by x 1 ). Furthermore, the curvature depends on the value of x + , 
becoming infinite at the points x + = (2n— 1)tt/2[a, where n is an integer. The same system 
may be considered in Rosen coordinates || 3 , in which case these values of x + coincide with 
the points at which the metric is singular. The operator P + ~ 5/5x~ is an isometry that 
generates constant shifts of x~ . 

The boundary states are assumed, as in flat space Q, to be annihilated by half the 
'kinematical' light-cone supercharges, 

Q a + irj M ab Q b ) \\D(p+l),p+,rj)) =0, (2.8) 



where the value of r\ = ±1 distinguishes a brane from an anti-brane. The simplest way to 
satisfy this condition is to assume that the gluing conditions for the fermions are given as 

(s% + ir)M ab S b _ k )\\D(p + l),p+,n)) = Q, fcez. (2.9) 

In the following we shall only consider boundary states that satisfy this gluing condition. 
We shall furthermore be interested in boundary states that preserves half the 'dynamical' 
light-cone supercharges, 

'Qa + ir}M hh Q h ) \D(p+l),p + ,r,)) = 0. (2.10) 

For example in the flat space case where Mjj = with ej = ±1, we can choose M ab to 
be given by 

M ab = ( 7 7 ) , (2.H) 

W=-! / ab 

where we have assumed that the number of directions with ej = — 1 is even so that the 
product involves an even number of 7 matrices. Then ( |2.10| ) is satisfied with 

M, b =( IT I 1 ) , 12.121 




where we have chosen the same ordering as in ( [2.11 ). 



In the pp wave background M ab can still be chosen as in ( 2.11] ) . However, now ( 2.1C| ) 
will only be satisfied (with M hb given as in ( |2.12| )) provided that the number of Dirichlet 
directions among the last four transverse coordinates (x 5 , . . . ,x 8 ) differs from the number 
of Dirichlet directions among the first four coordinates (x 1 , . . . , x 4 ) by ±2 ||. In particular, 

These are coordinates in which the metric is given by ds 2 = 2dx + dx~ + cos(/xa; + ) dx I dx I . 
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D(p + l)-instantons with p = — 1 and p = 7 cannot satisfy this criterion. These results hold 
more generally, when the matrices M a b and are allowed to be arbitrary. 

A complementary analysis of the open-string spectrum of Dp-branes (i.e. branes with 
lorentzian world-volumes) in Q uses a light-cone gauge in which x^ are world-volume 
directions. In this case one finds that the open-string spectrum is only supersymmetric 
provided that p = 3, 5 and 7 (and the number of Dirichlet directions among the last four 
transverse coordinates differs again from the number of Dirichlet directions among the first 
four coordinates by ±2). These values of p exceed those of the euclidean instantonic branes 
by 2 since the coordinates x^ now form part of the world- volume rather than the transverse 
space. We shall come back to Dp-branes with lorentzian world-volumes in section 4. 



Imposing the conditions (^9) together with ( |2.l| ) determines the boundary state up 



to an overall multiplicative constant normalization, 



( ^ —MuaL, 



\\D( P + L)./r., /}} =AVxp ( Xfi ,oUa J - k -iriM ab Sl k S _ k j \\D( P + l),p + , V )) , 

(2.13) 

where the ground state component is 

\\D(p+l),p + , V )) = (Mu\I)\J) + ii 1 Mja)\b)) e^ M " a o a o\0) b . (2.14) 

Here the first bracket describes the 'fermionic' part of the ground state, while the second 
part describes the 'bosonic' part of the ground state. Using the relations y/2 Sq\I) = T^Ja) 
and \pl Sq\cl) = 7„J-f) it is not difficult to check that ( 2.14| ) satisfies the zero mode part 
of®. 



The interaction energy between a pair of D-branes can be expressed, to lowest order in 
the string coupling, by the exchange of a closed string between two boundary states. In the 
case of instantonic branes this diagram describes the action rather than the energy. In the 
following we want to show that the above branes are actually singled out in an alternative 
manner in that they are the only ones that give consistent expressions for these cylinder 
diagrams. In particular, we will demonstrate that they are the only boundary states that 
lead to a closed-string tree amplitude that gives rise, upon a modular transformation, to 
a consistent open-string one-loop amplitude. In terms of the conformal field theory, this 
condition is often referred to as the 'Cardy condition'. 



3. Interactions between pairs of D-brane instantons 

In flat space the expression for the cylinder diagram in light-cone coordinates can be derived 
starting from a covariant expression in the following manner. The cylinder diagram is the 
tree- level amplitude, 

Ad Pi ;D P2 (A + , X",Xi,X 2 ) = {{D Pl ,xf,xJ,xi\\A\\Dp 2 ,x%,X2,x 2 }) , (3.1) 

where A is the covariant closed-string propagator and xi and x 2 are the transverse positions 
of the branes that are also separated in the light-cone directions by = (x 2 — xf). It is 
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convenient to evaluate this in terms of boundary states that are eigenstates of light-cone 
momentum, in which case the above expression can be written as 

Ad Pi ;D P2 (X + , X~ , Xi,X 2 ) 



dp +e l P +x ~ ^1 ((Dp 1 ,-p+,XL 1 \\e- iHX+ \\Dp 2 ,p+,x 2 )) , (3.2) 

where H is the closed-string light-cone hamiltonian, and 9(p) is the step- function that is 
zero for negative p, and one for positive p. We have used the usual causal ie prescription in 
which the denominator is actually p + (p~ + H) — ie = p + (p~ + H — ie/p + ). Since X + > 0, 
the only poles in p~ that contribute have Im(p~) > 0. This requires p + > 0, thus giving 
rise to the 9(p + ) term. 

Equation (^) has the form 

f°° dt x+x- ~ 

Ad Pi ;D P2 {X + ,X~ ,^,112) = / — e AD Pl ;Dp 2 {t,xi,x 2 ) , (3.3) 

Jo 1 

where A is the overlap 

A Dpi ; Dp2 (t,x u x 2 ) = ((Dp 1 ,-p + ,x 1 \\e- 27rtH P + \\Dp 2 ,p + ,yL 2 )) , (3.4) 
and t is defined as 

4 = W- < 3 - 5 ' 

In writing ( |3.3| ) a customary Wick rotation, replacing r by t = ir, has been performed. 
The resulting world-sheet theory is then euclidean. 

In the usual flat space case A can be expressed in terms of the /-functions, 



OO 



fi{q) = q^\{{l-q n ): 

n=l 

oo 

f 2 (q) = V2q^H(l + q r ' 

n=l 

00 

i3(?)=^n( i+ 9 (n ~ ] 2 

n=l 

oo 

h(q) =q-^H(l- q ^-^A. (3.6) 



n=l 

Here, as in the following, we have set q = e~ 2nt . For example, the amplitude of two 
identical BPS D-branes vanishes, and the configuration of a BPS D(p + l)-instanton with 
an anti-BPS D(p + l)-instanton gives rise to 4 

^W^^ 2 ) = (f^)^^^^- (3-7) 

4 We adopt a convention here and in the following that the labels Dp and Dp on A and A are the same 
as if we were describing Dp-branes with lorentzian world- volumes. 
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The power of t^ p 7 ^ 2 in ( |3.7D can be associated with a factor that comes from the Fourier 
transform from momentum space to position space transverse to the world-volume of the 
brane, / d 7 ~ p k e ik '(x2-xi) e ~\^\ 

One of the important consistency checks of D-branes is the condition that requires 
that the above closed-string boundary state overlap can be re-interpreted as a one-loop 
open-string vacuum amplitude. In order to relate the closed-string and the open-string 
points of view, one has to exchange the (euclidean) world-sheet space and time coordinates. 
This amounts to a conformal transformation, replacing t by t = 1/t, or q by q = e~ 2n ^. 
The resulting open string is then formulated in a non-standard light-cone gauge where 
2irp + = X + t. The open-string hamiltonian in this gauge is defined by, 

x + 1 8 p+1 

H open = _ <y ( x j _ x if + n \^(^)2 + 2 TrN° pen . (3.8) 

I=p+2 1=1 

Here N open is the total level number of the bosonic and fermionic open-string oscillators, 
including the usual normal ordering constants, and k 1 are the momenta in the Neumann 
directions I = 1, . . . ,p + 1. 

In the flat space case the consistency between the closed and open string sectors is 
satisfied because the /-functions satisfy the transformation properties 

/l(?)=t - */l(9), h(q) = m), fs(q) = Mq). (3.9) 

For example, for the configuration of the BPS D(p+l)-instanton with an anti-BPS D(p+1)- 
instanton discussed before, the function A becomes 

i^(t,xi,x 2 ) = (||) 8 r^e-^K (3.10) 



Using (|3.3|) the position-space cylinder amplitude is then given by 



r+ \ f°° dt *+X-+(*i-* 2 ) 2 r~ P+l ffA(q)Y /o11 , 

A Dp . Dp (x + ,x-,x 1 ,x 2 ) = J o je ^ H — . (3.11) 

This is to be compared with the open-string one-loop diagram, which can be written as 
the integral over the circumference of the cylinder of a trace over open-string states, 

Z Dp;Dp( X+ ' X ~ ^i> x 2) = — ~e~ p x Z Dp;jDp (t,xi,x 2 ) 

f°° dt x+x~ - ~ 
= / T e ~ l Z Dp . Dp {t^i^ 2 ), (3.12) 
Jo t 



Z Dp . jSp (t,x 1 ,x 2 ) = Tre- HP p =Tre-— HV \ (3.13) 



where 



and H open is defined in (|3.8| ) . The zero- mode part of this trace is equivalent to integration 
over the momenta in the Neumann directions and gives rise to a factor of t - ^ 1 )/ 2 in ( 3.1 1] ) . 
The open-string oscillators in the trace give a factor (/4(g)//i(g)) 8 , while the first term in 
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H open gives rise to a factor of exp (— (xi — X2) 2 t/27r). The expression ( 3.12j ) is therefore 
the same as ( 3.1 1] ) . From the point of view of the open-string description, this diagram 
describes the free energy of open strings whose endpoints lie on the two D-branes. 

Provided that the brane and the anti-brane are sufficiently separated, the integral 
defining the cylinder amplitude (3.3) converges. On the other hand, if the separation of the 
branes becomes sufficiently small the diagram diverges, reflecting the tachyonic instability 
of the system. In either case, the consistency of the boundary state description requires 
that the two expressions, (fTJ) and fl3~lCl ), agree, which reduces to the 'conformal field 
theory condition' that relates the integrands, 

xi,x 2 ) = Z D p V)D p 2 (t,xi,x 2 ) . (3-14) 

This is the condition we shall analyse in the case of the pp-w&ve background in the following. 

3.1 The modified /-functions and their modular properties 

As we shall explain in more detail below, for the case of the pp-w&ve background the 
cylinder amplitudes A or Z involve non-trivial deformations of the /-functions ( |3.6|) which 
are given by the following expressions, 

oo 

fi m) (q) = <T Am (l - q m ) l > II i 1 ~ > ( 3 - 15 ) 

n=l 

oo 

ft\<i) = <T Am (l + q m )^ II i 1 + q"^^) , (3.16) 

n=l 

oo 

ft\q) = q- A - II (i + ^ m2+{n ' 1/2)2 ) , (3-17) 

n=l 

oo 

ft\q) = q~ A - Hi 1 - ^ m2+(n " 1/2)2 ) , (3-18) 



n=l 



where A m and A' are defined by 



^ ' " (27T) , 

V 7 p=l 



1 °° poo 

V s / f/c p ~P 2 s -TT 2 m 2 /s 



A ™ = -(^EH) P I dse-v 2s e-" 2 ™ 2 /\ (3.19) 

The quantities A m and A' m are the Casimir energies of a single (two-dimensional) boson of 
mass m on a cylindrical world-sheet with periodic and anti-periodic boundary conditions, 
respectively. For m = 0, A m and A' m simplify to the usual flat-space values, 

l_f. 1_ 1_ 

(2vr) 2 ^ p 2 24 ' 

1 ^(-1) P 1 , s 

p=l 
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Thus (q), /J (?) and /i (?) simply reduce to the standard f2{q), fs{q) and /4(g) 
functions asm->0. 

Using the same definitions as before for q and q, these functions transform as follows 
under the S modular transformation 

f (m) {g) = f (rn) ( ~ } ^ f (m) {g) = f (rn) ^ f (m) {g) = f (rn) ^ ? ^ 

where 

rh = mt. (3.22) 

These striking identities will be proven in appendix A. The definition of m depends on the 
choice of light-cone gauge since m = 27Tfip + . In the Wick rotated theory t = X + /2irp + , 
and thus 

m = 2irfip + , fh = fiX + . (3.23) 

Therefore fh is the analogue of m in the non-standard open-string light-cone gauge (where 
the roles of X + and 2irp + are reversed) . For future reference we also note that 

e -2nm = e -2niin = ~rh 



In the limit m — > the second and third equations in (3.21) reproduce the second 
and third identities of ( |3.9| ). The identity for f\ (or rj) can also be derived from the first 
equation of (3.21). This follows since both sides of the first equation tend to zero asm^O 



since (1 — q m ) = 2irtm + 0(m 2 ) and (1 — q m ) = 2itm + 0(m 2 ). Thus, after dividing the 
first equation by m the limit m — » becomes, 



1 



h(q)=t-*fi(q), (3.25) 



reproducing the first equation of 

From a conformal field theory point of view, the transformation rule m — > fh = mt 
also has a simple interpretation. The characters of the conformal field theory evaluated 
at q = e~ 2wt can be thought of as the vacuum expectation values of a torus with cycles 1 
and it. Under the S transformation 1 1— * 1/t the two cycles of the torus are interchanged. 
In order to describe the resulting torus in terms of a torus with cycles 1 and it, we then 
have to rescale the whole torus by t . The field theory we are considering here is not 
conformally invariant since it contains a mass term. However, it is conformally covariant 
in the sense that it is invariant under rescalings provided that the mass term is scaled 
appropriately. The above rescaling then requires that we replace m by fh = mt. 

3.2 Cylinder diagrams of identical D-brane instantons 

We now have the machinery needed to analyse the various modular conditions that relate 
closed and open strings. Here we will begin by considering the cylinder diagram joining two 
identical D-branes, or a D-brane and its anti-brane. In this subsection all our considerations 
apply to the case of T>(p + l)-instantons. The corresponding analysis for Dp-branes is a 
straightforward extension of this and will be described later. 
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The closed-string boundary states contain normalisation factors that are easiest to 
establish by first evaluating the diagram in the open-string channel in which case the 
diagram is a trace over open-string states. The analogue of fl3.13|) is now 



Z Dp . iDp (i) = (2smh7rmf-P (^^-) , (3.26) 

> fl (?) , 



for the brane-antibrane case, and 

Z Dp;Dp (t) = (2smh7rmf-P ( ^Tt] = (2sinhvrm) 3 -P , (3.27) 



for the brane-brane case. Here q = e~ 2n ^, we have used ( |3.22| ), and Dp denotes the anti- 
brane corresponding to Dp. There is no dependence on the transverse coordinates since 
the supersymmetry conditions require that both branes are at x = 0. In order to move 
the branes to non-zero transverse positions it is necessary to turn on the flux of the Born- 
Infeld world-volume field. Since the Born-Infeld flux is zero in the ansatz that we made for 
the boundary states it is unsurprising that the cylinder amplitude does not have sensible 
behaviour when the branes are placed away from x = 0. The numerator factors (f^iq)) 8 
and (fi m \q)) s come from the fermionic part of the trace while the denominator factor 
(f± m \q))~ s comes from the bosonic part. In either case the trace over the non-zero modes 
is quite standard but the treatment of the zero modes differs from the case of flat space. In 
particular, there is no power of i _ (P +1 )/ 2 from momentum integration along the Neumann 
directions. This is in accord with the fact that in the pp-w&ve background, the transverse 
momentum is not continuous. Instead, the contribution of the bosonic zero modes is given 
by the factor 



^Dp;D P ~ (i - qfhy+i ' (3.28) 

due to the contribution of (p + 1) harmonic oscillators ||. In the brane-brane case, there 
are eight fermionic zero modes that combine to give four creation operators that raise the 
energy by fh, as well as four annihilation operators that lower the energy by fh. The trace 
over these creation operators then gives rise to the factor q~ 2m (1 — q m ) 4 . Together with 
(3.28) the total zero mode contribution is therefore (2 sinh7rm) 3 ~ p as in ( |3.27| ), The limit 



fh —* is in general singular, and does not simply reproduce the flat space result. 

For the case of a brane and an anti-brane, there are no fermionic zero modes, as is 
reflected in the function (f^iq)) 8 - The bosonic zero mode contribution (1 — g m ) _ P _1 
in ( p. 28 ) is then reproduced by (2sinh-7rm) 3_p as well as the factor of (1 — q m ) -4 that is 



contained in (f[ m \q)) 8 . The ground state energy of the open string in ( ft.26 ) is 

^m + 8A a -8A^. (3.29) 

The Casimir energy 8A^ contains a contribution from the bosonic zero modes that is equal 
to 2m. Together with the first term in ( 3.2S| ), this reproduces the ground state energy of 
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( 3.28 ). (The other terms in fl3,29|) describe the contribution to the ground state energy 



coming from the non-zero modes.) 

Now we turn to checking the consistency condition ( 3.14 ). Using ( p. 21 ), the expres- 



sions ( 3.26 ) and (|3.27| ) translate into the closed-string overlaps, 



A Dp , 5p {t) = (2sinh™) 3 -^4^) , (3-30) 

V/i (q)J 



A Dp - Dp {t) = (2sinh7rm) 3 - p ( 4 ) = (2 sinh 7rm) 3 " p , 

V/i (?)/ 

where g = e _27r *. The consistency condition is now that these expressions are repro- 
duced by a boundary state calculation in the closed-string channel as in ([O]). The factor 
(2 sinh 7rm) 3_p can be absorbed into the normalisation of the boundary states. The contri- 
bution of the non-zero fermionic and bosonic modes is again easily seen to reproduce the 
relevant contributions to the numerator and denominator factors. The only issue is whether 
the contribution of the 'zero modes' to the amplitude produces the correct g-dependent 
prefactors. Let us first analyse the bosonic zero mode contribution. For each of the eight 
directions, the contribution to the amplitude is given by 

6 (0| e ±l»oao qkmaoao e ±>a | 0)fe = ^ — b (0\(a a ) r (a a ) r \0) b q rm 



8 



r=0 
oo 



2 2r 

r=0 

(l-q m )-K (3.31) 



where the sign db in the exponents depends on whether the direction is Dirichlet or 'Neu- 
mann'. The eight directions together therefore produce the prefactor (1 — g" 1 ) -4 , as required 
(KM. 



m 



The contribution of the fermionic zero modes depends sensitively on the value of p. 
Only specific values of p result in the correct contributions as deduced from the open-string 
channel, namely, a factor of (1 — q" 1 ) 4 if both D-branes are of the same type and of (l+g m ) 4 
if one brane is the anti-brane of the other. These values of p coincide with those of the 
supersymmetric D-branes of ]|]. To see this, we shall analyse the possible values of p in 
turn. 

The simplest example is the (non-supersymmetric) euclidean D3-brane (the D4- 
instanton) for which the Neumann directions are chosen to be X : X • X * X . Given the 
discussion of section |2[ the fermionic ground state of this boundary state is annihilated 
(for r\ = +1) by ^£ and 9^. The ground state has eigenvalue zero under the action of the 
fermionic zero mode part of the hamiltonian ( |1.14| ) and therefore the contribution to ( 3.3C| ) 



is zero for the case where there are two branes, and 16 if one brane is the anti-brane of the 
other. In neither case does it give the correct factor of (1 ± q m ) and thus the boundary 
state is inconsistent. 
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The analysis is similar for the case of the D(— l)-brane (the D-instanton) for which 
the fermionic ground state of the boundary state is annihilated (for 77 = +1) by 9^ and 
6 R . Now the ground state has eigenvalue 2m under the action of the fermionic zero mode 
part of the hamiltonian, and therefore the contribution to ( |3.30 ) is zero for the case of two 



branes, and 16q 2m if one of the two branes is an anti-brane. Therefore, the corresponding 
boundary state is again inconsistent. 

The situation is different for the supersymmetric euclidean Dl-brane (the D2- 
instanton) whose world- volume extends along the x l ,x 2 directions. It is not difficult to 
check that its ground state is annihilated (for rj = +1) by 

I + (7 V)«6 Ol) \\Dl))° = , (e%- ( 7 V U 0r) \D1))° = • (3-32) 

Thus, we can write the fermionic ground state component of the Dl-brane boundary state 
as 

\\di))° = ex P (jtf-fustfa - \{iWUe a L e\)j io)/ , (3.33) 

where |0)/ denotes the lowest energy state that is annihilated by Q\ and 8 R . The con- 
tribution of the fermionic zero modes to the cylinder diagram can now be evaluated in a 
straightforward manner. Recalling from ( 1.14 ) that iHX + contains the zero mode fermions 



m the term S§ U ab S"£ we may expand the overlap (Dp'\e lHX+ \Dp) in an infinite power se- 
ries m S$Il ab S%. Details are given in appendix |B| where the result is shown to be the 
expected factor of (1 — q m ) A in the case of two branes, and (1 + q m ) 4 in the case when one 
brane is the anti-brane of the other. This analysis is essentially identical for the case of 
pairs of euclidean D5-branes (D6-instantons) of || which fill up the directions x 1 , . . . , x 6 . 

For the euclidean D3-brane that stretches, for example, along x , x 2 , a; 3 , x 5 , the ana- 
logue of (|3~32|) is 

(ei - (tVtVU Or) P3»° = o , (e R + (^^u e\) |z>3»° = o , (3.34) 

from which one can similarly show that the contribution of the fermionic zero modes to 
the cylinder diagram is the required factor of (1 ± q m ) . 

The other cases can be treated similarly. In summary, we have found that the bound- 
ary states for which the cylinder diagram between identical instantonic D-branes has con- 
sistent open-string and closed-string interpretations correspond precisely to the supersym- 
metric cases found in ||]. 

3.3 Cylinder diagrams for pairs of different D-brane instantons 

In the previous subsection we have seen that the supersymmetric T)(p + l)-instantons that 
were described in || satisfy the consistency condition ( |3.14 ) provided the normalisation of 
the D(p + l)-instanton boundary state is 

3-p 

Nd(j>+i) = (2sinh7rm) 2 . (3.35) 

We can now check whether, with this normalisation, the cylinder diagrams joining different 
instantonic D-branes also satisfy the open-closed consistency condition. Let us discuss a 
few cases explicitly. 
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For the supersymmetric configuration of two orthogonal euclidean Dl-branes, one 
stretching along x l ,x 2 , and one along x 3 ,x 4 , we find 

Am-DV = (2sinh7rm) 2 J \ , {q)J2 , W = (2sinh7rm) 2 . (3.36) 
Under the S transformation this gives rise to 



4 



which reproduces the one-loop open-string calculation. In particular, in this case there 
are no NN directions and the contribution of the bosonic zero modes arising from the 
numerator factor of /x™^?) -4 cancels the factor of (1 — q m ) 2 . 

For the configuration of two euclidean Dl-branes, one stretching along x , x 2 , and one 
along x 1 , x 3 , the result is 

(f2 m \<f)X 

Adi;DV> = (2 smh urn) 2 V 6 / (3.38) 

(fl m \l)) (ft\l)) 

instead of Q3.36 ). Under the S transformation this becomes 

, 4 



-fh\2 



Z m .,nv> = r m (1 - q n Y v 6 ' a • (3-39) 

(ft\q)) (/i m) (9)) 

The net contribution of the bosonic zero modes in the open-string picture is then propor- 
tional to (1 — q m )~ l , as is appropriate for a single NN direction. The numerator describes 
the contribution coming from the open-string fermions with mass to, since 



CO 



ff ^(ql) = r !*k JJ (l- gVm 2 + (n/2-l/4)^ (3 ^) 

n=l 

The configuration of a euclidean Dl-brane stretching along x , x 2 , and a D3-brane stretch- 
ing along x , x 2 , x 3 , x 5 gives 

Am iD3 = q~ m/2 (1 " <P) - - ; 6 - / 2 , (3.41) 

since the normalisation of the D3-brane boundary state does not involve any power of 
2 sinh 7tto. The contribution of the bosonic zero modes in the open-string picture is then 
proportional to (1 — q m )~ 2 , as is appropriate for a configuration with two NN directions. 

Finally, the configuration of a Dl-brane stretching along x 1 ^ 2 , and a D3-brane 
stretching along x x ,x 3 ,x 4 ,x 5 gives 

Am-m> = (2sinhvrTO) ( 41 (g)/ H (g) l = r™ /2 (1 - q™) • (3-42) 
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In this case the contribution of the bosonic zero modes in the open string picture is pro- 
portional to (1 — q m )~ l , as is appropriate for a configuration with a single NN direction. 
All other configurations can be treated in a similar fashion. 

3.4 Some comments about supersymmetry constraints 



As seen in the previous two subsections, the conformal field theory condition (3.14) singles 
out those boundary states that correspond to the D(p + l)-instantons that were found in 
Q. All other states violate this condition and the corresponding instantonic D-branes are 
therefore probably inconsistent. 

The condition ( |3,14| ) is unambiguously defined for a cylindrical world-sheet of fixed 
ratio of circumference to length, 2irp + / X + . In applying this formula to D-branes separated 
at fixed values of x~ we need to Fourier transform the overlap with respect to p + to obtain 



a position-space function defined by the integral (3.3). In fact, this integral is divergent 
for any pair of D(p + l)-instantons in the pp-wave background. We have not understood 
the physical interpretation of such divergences. 

An unusual feature of the expressions we have obtained is that the interaction 'en- 
ergy' (more properly, action) between identical supersymmetric D(p + l)-instantons does 



not vanish (see (3.30) above). Presumably this means that the combined system of su- 
persymmetric D-branes is not BPS in the usual sense. Instead, for constant p + > the 
overlaps are independent of X + . These properties are consistent with the supersymmetry 
algebra in the type IIB pp-wave background. Recall that in the flat case, one can use 
the fact that the BPS boundary states satisfy ( |2.8| ) together with the anti-commutation 
relations of the kinematical supercharges, {Q a ,Qb} ~ P + , to deduce that the BPS-BPS 
amplitude A must vanish. This follows simply from the relation (written symbolically) 

A = ({D P1 \\ e~ HX+ \\D P2 )) = i- ((D P1 \\ e~ HX+ Q a Q a \\Dp 2 )) = , (3.43) 

where the properties ( j2,§| ) of the boundary states have been used. This argument relies 
on the fact that the kinematical supercharges commute with H. However, in the pp- 
wave background the kinematical supercharges, Q a and Q a , do not commute with H so 
the overlap cannot be argued to vanish in this manner. The algebra of the dynamical 
supercharges is slightly less constraining in the case of a flat background since it implies 
that 

((D Pl \\ e~ HX+ Q h Q d \\Dp 2 )) = ((D Pl \\ e~ HX+ H \\Dp 2 )) = , (3.44) 

which means that -q^+ A = 0. This argument also applies to the pp-w&ve case since 
the dynamical supercharges do commute with H and the /i-dependent correction terms 
in the anti-commutator do not contribute to the overlap. Consequently, the overlaps be- 
tween pairs of identical D-branes must be independent of X + , as is indeed consistent with 



( 3.30 ). This explains why A is determined equally well in the long cylinder {X + — > oo) 
or short cylinder (X + — > 0) limit. From the open-string point of view, the non- vanishing 
of the brane-brane amplitude follows from the fact that there is a single (bosonic) ground 
state. Furthermore, since the excited open-string levels have equal numbers of bosonic and 
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fermionic states, the amplitude is independent of q, and therefore independent of X + . This 
is an example of a non-zero contribution to the Witten index. 

4. Time-like branes 

For lorentzian signature world-volumes the coordinates are directions in the world- 
volume of the brane and the light-cone gauge can be chosen in the open-string sector in 
the usual manner. The following discussion will be somewhat formal since the boundary 
states that we have used restrict all D-branes to the same transverse position x 1 =0, where 
I = p, . . . , 8. Therefore the integrated expression for the cylinder amplitude joining two 
D-branes will be singular since the branes are coincident. The D-branes could, in principle, 
be separated by turning on a flux of the Born-Infeld field but we have not considered this 
situation here. We may still hope to determine a consistency condition such as ( |3.14j ) since 
this relates the integrands in the closed-string and open-string channels rather than the 
divergent integrals. 

In order to motivate the argument we shall again review the expressions for the 
cylinder amplitudes for separated D-branes in flat space, and generalize to the pp-wave 
background at the end. For large enough transverse separation the amplitude is given by 
the integral of a trace over the open-string states, 

^Wx i; x 2 ) = j™ d ± J d *^f- Tr e-<r + *H"~«* + p-) 
f°° dt fdp+dp- _ tp+p - ~ 

= Jo J J 2 7T 6 ^Dp;Dp(t,Xi,X 2 ), (4.1) 

where t = X + /2np + , and 

£iWt,xi,x 2 ) = Tr e-*> +tH ° pen . (4.2) 

The trace includes integration over the momenta k 1 (I = 1, ... ,p — 1) in the Neumann 
directions. In the flat space case 

, 8 p-1 
p+H open = _ V-( x 7 _ x /)2 + ^ ^(^) 2 + 27rN°P en , (4.3) 

i= P 1=1 

where N open is again the total level number of the bosonic and fermionic open-string 
oscillators, including the usual normal ordering constants. In the pp-w&ve case, H open 
is replaced by the formula described in 1|. In particular, the position and momentum- 
dependence is then described by the zero mode term m 5Zr=i a o^o- Wick rotation, 



p° — > ip° replaces p + and p~ in (4.1) by the complex variables p = (p 9 + ip°)/\^2 and 
P = {p 9 ~ ip°)/V2 so the exponent in the integrand becomes tpp. Performing the p and p 
integrations gives 

f°° dt ~ 

Z Dp . Dp (xi;x 2 ) = / -5 Z Dp . tDp (t,x.i,x. 2 ) . (4.4) 
J o t 
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In order to describe this process from the closed-string point of view we need to consider 
a non-standard light-cone gauge in the closed sector in which the roles of X + and p + are 
reversed. In this case the cylinder interaction is given in terms of the overlap 

ADp;Dp(xi,X 2 ) = ((£>£>, xi|| — — ||-Dp,x 2 )) . (4.5) 

Here the closed-string propagator has been written as p + p~ + X + H, where X + H is given 



by the same expression as p + H in ( 1.14 ), or by the usual hamiltonian in the flat space case. 
In deriving (4.5) we have used that the boundary states are (formally) annihilated by p + 
and p~ since they satisfy Neumann boundary conditions along the light-cone directions. 
Writing 1/X + H in terms of an integral gives 

A D p;Dp(xi,x 2 ) = / dt{{Dp,x 1 \\e~ x+Ht \\Dp,x 2 )) = dtA D p;Dp{t,Xi,x 2 ). (4.6) 
Jo Jo 



As before the integration variable t is related to t in Q4,4j ) above as t = 1/t. Using this 
substitution we thus obtain 



Ad P ;Dp(xi,X 2 ) = / -2 -A.Dp;Dp(t \xi,X 2 ). 

Jo t 



(4.7) 



The two expressions ([O]) and (fO|) therefore agree provided that A and Z satisfy ( 3.14| ) 



with Z(i,xi ,x 2 ) being given by (|4.2| ), Thus the consistency condition reduces again to the 
conformal field theory condition (|3.14j ) . The analysis of the consistent time-like Dp-branes 
is then identical to that for the case of the D(p + l)-instantons before. In particular, the 
only consistent values of p correspond to those of the supersymmetric Dp-branes that were 
found in ||. 

5. Conclusion 

In this paper we have analysed the open-closed consistency condition for the D(p + 1)- 
instantons and Dp-branes in the pp-wave background. The D-branes that are consistent 
are those that are known to preserve half of the supersymmetries ||, ||] . Our analysis relies 
on the striking identities ( |3.21 ) that describes the S modular transformation relations for 



the characters in the pp-wave conformal field theory. 

It is straightforward to identify the quarter-BPS D-branes proposed in [1C] based on a 
supergravity analysis. These are states that preserve only eight components of supersym- 
metry, defined by the conditions on the Killing spinors given by equations (6.35) and (6.36) 
of [10]. 5 These are precisely the components that correspond to the linear combination of 
'kinematical' supersymmetries that entered in (|2.§|). In other words, the boundary states 
corresponding to these D-branes are not required to satisfy Q2.10 ). However, our analysis 



suggests that such D-branes do not generally satisfy the consistency condition that relates 
the closed-string and open-string sectors. The condition ( p. 10 ) seems to be crucial for 
ensuring such consistency. 

5 The only exception seems to be the Dl-brane for which the world- volume lies along the light-cone 
directions. 
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The null branes that are identified with giant gravitons at fixed x~ |l0| are not 
seen with the choice of light-cone gauge that we have used although they should obviously 
exist as consistent D-branes. 

We have seen that the interactions between identical supersymmetric D-branes do not 
vanish and that this is in accord with expectations based on the supersymmetry algebra. 
This seems to be connected with the observation that the pp-wave background exhibits 
'tidal forces' which will cause D-branes to repel each other 6 . 
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A. Derivation of the S modular transformation formula 

In this appendix we will derive the modular transformation identities (0.21 ). We shall 
only give the argument for the case of the transformation of /{ (9) in detail since the 
arguments for the case of (q) and (q) are very similar. Somewhat related formulae 
have been derived, using different techniques, in [|J|] 7 . The expression for the logarithm of 
(|3T5|) is 

log f[ m \q) = 2vrtA m +-log(l-g m ) + ^log(l- (7 v ^+^) 

n=l 

= 2vriA m + \ log (l - q ^+^) 

= 2vrtA m -- V V-^^ 7 ^. (A.l) 
2 ~ i P 

n£zp=l r 

Next we use the identity (see @ (8.432:6) and (8.469:3)) 



drr- 1/2 e- r ~^ , (A.2) 



to write q p ^ m +n in the last line of (A.l) in terms of an integral. This gives 

1 00 roc 

log f[ m \q) = 2vrtA m - _L £ £ / ds S ~V\ - P Wt 2 (mW)A ; (A . 3) 

V ^ n.6zp=l 



We are grateful to Gary Gibbons for discussions on this point. 
7 We thank Andreas Recknagel for drawing our attention to this paper. 
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after substituting r = p 2 s. Using the Poisson resummation formula 

e~ ann2 = a" 1 ' 2 e~™ 2 / a , (A.4) 



the sum over n in (1A.3T) can be rewritten as 



1 oo oo ^ 

log/ 1 (m) (g)=2^A m -i-^^ / 

n h=iv=i Jo 



ds e -P 2s e - 7r2m2 * 2 / s e -" 2s A 2 



p= 

— Y / dse-^ s e-^ mH2 l s . (A.5) 



The last line of ( |A.5| ) is equal to 2nAfi l /t. The sum in the first line can be extended to a 
sum over all integers p except for a correction term corresponding to p = 0, 



poo 

. e -p 2 s e -n 2 m 2 t 2 /s p -n 2 s/t 2 



log /M (?) = 2vt A m + f A ™ " ^ E E / ds ' 

Upon substituting s = s/t 2 in the last term in (A.6) it becomes precisely — 2ntA m , and 
thus cancels the first term. Now the Poisson resummation formula can be used for the sum 
over p giving, 

= - ^= f; ~ J2 d-SS- l/2 e -S e -^n 2 (p 2 + rn 2 )/t 2 , > (A?) 



n=l p£2 
£2„ /+2 



where we have substituted s = h s/t in the last line and used again m = mt. Finally we 



OG 



use ( |A.2|) again to rewrite this as 

log fl m) (?) = f ^ " ^ E E -U-^V^A 

j5ez n=l 

= T A ^ + ^ log ( 1 "^ 

= log/f ) (g), (A.8) 

where g = e~ 2n ^. 

B. Fermionic ground state contribution to cylinder diagram 

In this appendix we shall give a pedestrian derivation of the contribution of the fermionic 
zero modes to the cylinder diagram of two identical euclidean Dl-branes. All other cases 



-21- 



can be obtained by obvious generalizations. We will choose the orientation of the world- 
sheet so that ei = 62 = — 1, with all other ej equal to +1. Given the boundary conditions 
satisfied by Sq and Sq (|2.9| ) the expansion of the action of the zero-mode fermion bilinears 
satisfies the following equation 

n 

(imSSUab^) n \Dl)) = (-l)Vm" H(j 3 l% h S b ^ ■ ■ ■ S*»Sg» ■ ■ ■ 5 ai \\D1)) , (B.l) 

l=i 

In the tree level diagram with the Dl-brane boundary state, only the even powers of n 
contribute. After computing the appropriate 7-matrix traces we find that on the bivector 
states the n = 21 contribution (with / > 1) is 

(imS a Ii ab S b ^ 21 M U \I)\J) = ^(4m) 2l efMu\I)\J) , (B.2) 

where €j 4 = — 1 for J = 3,4, and +1 otherwise. On the bispinor states one finds on the 
other hand 

( im S a U ab S b ) 21 [ 1 1 1 2 ). h \a)\b) = (2m) 2l [ 1 V)ja)\b). (B.3) 

Thus the fermionic zero mode contribution to the cylinder is 

00 -. 00 .. 

2 i 2m Y.w {AlTtm)21 ~ 8<i 2m vY,w {27Ttm)2l + 8{1 - v)q2m (R4) 
1=1 ' 1=1 

= 16 q 2m ( - cosh(4vrtm) - 7/ - cosh(2vrtm) + - ) , (B.5) 
\8 2 8 J 

where r] = +1 for the overlap between two Dl-branes, while 77 = —1 for the overlap between 
a Dl-brane and its anti-brane. The prefactor q 2m comes from the constant term in ( 1.14| ), 
and the last term in (|B.4j) comes from the / = contribution. 



For 7] = +1 (i.e. for the brane-brane configuration) we now get, using the standard 
product formula for the hyperbolic cosine (see for example [|14|]), 

16q 2m ( -cosh(4vrtm) - - cosh(2vrtm) + - ] = I6q 2m sinh 4 (vrtm) 
\ 8 2 8 J 

= q zm [q 2 -q 2 j 

= {l-q m )\ (B.6) 

as required. On the other hand, for 77 = — 1, the sinh term above is replaced by a cosh 4 
term, giving (1 + c/ m ) 4 . This demonstrates that the Dl-brane of |8| gives rise to the correct 
overlap of boundary states, (|3.30| ), consistent with the open-string description. 
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